ADJOINT IDEALS ALONG CLOSED SUBVARIETIES 
OF HIGHER CODIMENSION 



SHUNSUKE TAKAGI 

Abstract. In this paper, we introduce a notion of adjoint ideal sheaves along 
closed subvarieties of higher codimension and study its local properties using char- 
acteristic p methods. When X is a normal Gorenstein closed subvariety of a 
smooth complex variety A, we formulate a restriction property of the adjoint ideal 
sheaf adjx(^) of A along X involving the l.c.i. ideal sheaf Vx of X. The proof 
relies on a modification of generalized test ideals of Hara and Yoshida [H] . 



Introduction 

The adjoint ideal sheaf along a divisor D on a, complex variety ^ is a modification 
of the multiplier ideal sheaf associated to D, and it encodes much information on 
the singularities of Z^. It recently turned out that it is a powerful tool in birational 
geometry and has several applications, such as the study of singularities of ample 
divisors of low degree on abelian varieties by Ein-Lazarsfeld [3] and Debarre-Hacon 
[3], inversion of adjunction on log canonicity proved by Kawakita [15j, and the 
boundedness of pluricanonical maps of varieties of general type proved by Hacon- 
M^Kernan [8] and Takayama [23]. In this paper, we introduce a notion of adjoint 
ideal sheaves along closed subvarieties of higher codimension and study its local 
properties using characteristic p methods. We hope that our adjoint ideal sheaves 
lead to further applications. 

Let A be a smooth complex variety and Y = Yl^i ^i^i be a formal combination, 
where the ti are positive real numbers and the Yi are proper closed subschemes of 
A. Let X be a reduced closed subscheme of pure codimension c of A such that no 
components of X are contained in the support of any Yi. Suppose that ti : A ^ A 
is a log resolution of {A, X + Y) and E := J2'j=i smooth, where Ei, . . . ,Es 

are all the irreducible divisors on A "dominating" a component of X. If Kj^^ is 
the relative canonical divisor of vr, then we define the adjoint ideal sheaf a.dix{A, Y) 
associated to the pair {A, Y) along X by 

a.diAA Y) := vr,0^(ir^/^ - c n-\X) - [n-\Y)\ + E), 

where tt^^{X) and 7t^^{Y) := Y^iLi ti'^^^O^i) s-i'e the scheme theoretic inverse images 
of X and Y, respectively (see Definition 11.61 for the precise definition of the adjoint 
ideal sheaf Sidix{A,Y)). We say that {A,Y) is purely log terminal (pit, for short) 
along X if adix{A,Y) = Oa- When X is a divisor, our definitions coincide with 
the definitions of usual pit pairs and adjoint ideal sheaves. In order to study local 
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properties of our adjoint ideal sheaves using characteristic p methods, we consider 
a modification of generahzed test ideals of Hara and Yoshida. 

Let (i?, m) be a Noetherian local domain of characteristic p > and o- = Ili^Li 
be a formal combination, where the C i? are nonzero ideals and the ti are positive 
real numbers. Hara- Yoshida [11] introduced notions of tight closure for the pair 
(-R, a-), called a— tight closure, and the corresponding test ideal t(o-). They then 
proved that the multiplier ideal sheaf coincides, after reduction to characteristic 
p 3> 0, with their generalized test ideal. In this paper, we define a notion of tight 
closure for a triple (i?, I, a-), called (/, a-)-tight closure, where / C is an unmixed 
ideal of height c such that the Oj are not contained in any minimal prime ideal of 
/: the (/,a-)-tight closure J*(^'^") of an ideal J C i? is the ideal consisting of all 
elements x & R for which there exists 7 G i? not in any minimal prime of I such 
that 

for all large q = p^, where J^'^^ is the ideal generated by the g*^ powers of all el- 
ements of J. If C M are _R-modules, then the (/, a-)-tight closure N^^'-~'' of 
in M is defined similarly (see Definition 12.21 for the detail). We then define the 
generalized test ideal Ti{a-) along I to be the annihilator ideal of the (J,o-)-tight 
closure 0^^^'^"^^^^^ of the zero submodule in the injective hull EniR/ra) of the residue 

field of R. When I = R, (/, a-)-tight closure coincides with a— tight closure and the 
generalized test ideal 77 (a-) along / is nothing but T(a-). We conjecture that the 
ideal 77(0-) corresponds to the adjoint ideal sheaf adjj(^(A,F), and we obtain some 
partial results (Theorems 12.71 and 12.91) . We use them to prove a restriction formula 
of our adjoint ideal sheaves. 

Kawakita [i6\ and Ein-Musta^a [5] introduced an ideal sheaf, called the l.c.i. de- 
fect ideal sheaf, which measures how far a variety is from being locally a complete 
intersection. They then proved a comparison of minimal log discrepancies of a va- 
riety X and its ambient space A with a boundary corresponding to the l.c.i. defect 
ideal sheaf Vx of X. Their result inspires us to formulate a restriction property of 
the adjoint ideal sheaf adjj^(A, Y) involving the l.c.i. defect ideal sheaf Vx of X. 

Theorem 3.1. Let A be a smooth complex variety and Y = Y^'^itiYi be a formal 
combination, where the ti are positive real numbers and the Yi are proper closed 
subschemes of A. If X is a normal Gorenstein closed subvariety of codimension c 
of A which is not contained in the support of any Yi, then 

J{X, V{Vx) + Y\x) = adj^(A, Y)Ox, 

where J{X,V{T>x) + y\x) "is the multiplier ideal sheaf associated to the pair 
(X, V{Vx) + Y\x) {see Definition I i . ^ for the definition of multiplier ideal sheaves). 

By making use of the partial correspondence between the adjoint ideal sheaf 
a.d]xi.^^Y) the generalized test ideal 77(0-), Theorem 13.11 can be reduced to 
a purely algebraic problem on some ideals of a ring of characteristic p > 0. We then 
solve the problem using the linkage theory of Peskine and Szpiro . 

As a corollary of Theorem 13.11 we obtain a characterization of being pit along a 
Gorenstein closed subvariety in terms of Frobenius splitting (Corollary 13. 4p . 
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1. Multiplier ideals and Adjoint ideals 

In this section, we first recall the definitions of multiplier ideal sheaves and ad- 
joint ideal sheaves along divisors (our main references are [TJI and [IB]), and then 
we introduce a notion of adjoint ideal sheaves along closed subvarieties of higher 
codimension. 

Let X be a (i-dimensional Q-Gorenstein normal variety over a field k of char- 
acteristic zero and Y = YlT^i ^i^i be a formal combination, where the tj are real 
numbers and the Yi are proper closed subschemes of X. Since X is normal, we have 
a Weil divisor Kx on X, uniquely determined up to linear equivalence, such that 
Ox{Kx) = i^flx^^^ where i : X^g X is the inclusion of the nonsingular locus. 
Moreover, since X is Q-Gorenstein, there exists a positive integer r such that rKx 
is a Cartier divisor. 

Let E he a divisor over X, that is, E is an irreducible divisor on some normal 
variety X' with a birational morphism f : X' —>■ X . We identify two divisors over X 
if they correspond to the same valuation of the function field k{X). The center of 
E is the closure of f{E) in X, denoted by cx{E). If Z is a closed subscheme of X, 
then we define ord£;(Z) as follows: we may assume that the scheme theoretic inverse 
image f~^{Z) is a divisor. Then ord£;(Z) is the coefficient of E in f~^{Z). We put 
ord£;(F) := J^iLi'^i'^^^EiXi) and define OYdE{K_/x) as the coefficient of E in the 
relative canonical divisor Kx'/x of /. Recall that Kx'/x is the unique Q-divisor 
supported on the exceptional locus of / such that rKx'/x is linearly equivalent to 
rKx' — f*{rKx)- Then the log discrepancy a{E]X^Y) of (X, F) with respect to E 
is 

a{E- X, Y) := oidE{K^,x) - ord,j(r) + 1. 

If is a closed subset of X, then the minimal log discrepancy mld(iy ; X, Y) of 
(X, Y) along W is defined by 

mldiW- X, Y) := inf {a(E; X, F) | E is a divisor over X, Cx{E) C W}. 

Definition 1.1. Let the notation be the same as above. 

(i) We say that the pair (X, Y) is Kawamata log terminal (kit, for short) if 
mld(X; X, Y) > 0. Since a resolution of singularities is obtained by blowing 
up subvarieties in the singular locus, this condition is equivalent to saying 
that mld(Xsing U IJI^i ^) ^) > 0; where Xging is the singular locus of X. 

(ii) Let D be a reduced Cartier divisor on X such that no components of D are 
contained in the support of any Y^. Then we say that (X, Y) is purely log 
terminal (pit, for short) along D if a{E] X, D + Y) > for all divisors E 
over X dominating no components of D. 

Suppose that (X, Y) is a pair as above. A log resolution of the pair (X, Y) is a 
proper birational morphism vr : X — > X with X nonsingular such that all the scheme 
theoretic inverse images ir^^iYi) are divisors and in addition UI^i Supp 7i^^{Yi) U 
Exc(7r) is a simple normal crossing divisor. The existence of log resolutions is guar- 
anteed by Hironaka's desingularization theorem [T3] . 

Definition 1.2 ([181 Definition 9.3.60]). Let the notation be the same as above. 
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(1) Fix a log resolution tc : X ^ X of {X, Y). The multiplier ideal sheaf JiX^ 
associated to the pair (X, Y) is 

m 

J{X,Y) = n,0^{\K^^^ -Y,t,n-\Yi)]) C Ox. 

i=l 

(ii) Let D be a reduced Cartier divisor on X such that no components of D 
are contained in the support of any Yi. Fix a log resolution tt : X X 
of {X, D + Y) so that the strict transform n^^D of D is nonsingular (but 
possibly disconnected). Then the adjoint ideal sheaf a.dij^{X,Y) associated 
to the pair (X, Y) along D is 

m 

adj^(X,y) = n,0^{\K^/^ - t,7r-^(y,) - n*D + n;'D]) C Ox- 

i=l 

We denote this ideal sheaf simply by adj^(X) when y = 0. 

Remark 1.3. (1) (cf. [IHl Theorem 9.2.18]) J{X, Y) and adj(X, Y) are indepen- 
dent of the choice of the log resolution vr used to define them (see also Lemma 

0(i)). 

(2) The pair (X, Y) is kit (resp. pit along D) if and only if J7'(X, Y) = Ox (resp. 
adjB(X,r) = Ox). 

(3) ([IHl Example 9.3.49]) Suppose that X is an affine variety and / is a nonzero 
ideal of Ox- Choose a general element / in J so that divx(/) is reduced and 
no components of divx(/) are contained in the support of any Y^. Then 

j(x,y(/) + y) = adu.^(^)(x,y) 

(see also Claim 1 in the proof of Theorem 13. ip . 

An analogue of local vanishing theorem [HI Theorem 9.4.1] holds for the adjoint 
ideal sheaf adj£)(X, Y) along a divisor D. 

Proposition 1.4. Let the notation be the same as in Definition \1.2\ (ii). Then for 
all i > 0, 

Rn,0^{\K^I^ - Tx-\Y) - n*D + 7i;'D] ) = 0. 

Proof Set B := \K^^x - n-\Y) - n*D] and D := n-^D. Let u : D" ^ D be 

the normalization of D, fi : D ^ D'^ be the induced morphism and n^, : D —>■ D 
be the composite morphism. Then there exists an effective Q-divisor Diff£)i^(0) on 
D", called the different of the zero divisor on (see [20^ §3] for details), such that 
Kz). +Diffc-(0) is Q-Cartier and Kd-^ +'DiSD-{0) = u*{{Kx + D)\d). Now we have 
the following exact sequence 

^ O^iB) ^ O^iB + D)^ 0^{\K^ - fi*{KD^ + Diff,,.(0)) - n^'iYlo)]) ^ 0. 
It follows from Kawamata-Viehweg vanishing theorem that 

R'n.O^iB) = R'ttd.O^HK^ - ii*{Kd-^ + Diff^.(O)) - 7r^'(F|D)l) = 
for all i > 0. Thus, we have R'n^O^{B + D) = for all i > 0. □ 
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Example 1.5. Let X = = Spec C[x,y] be the two-dimensional affine space and 
let D = {x^ + = 0) C X. Then adj^(X) = {x^,xy,y^), whereas J{X,D) = 
{x^ + y^). 

When the ambient variety is smooth, we can generalize the notion of adjoint ideal 
sheaves to the higher codimension case. 

Let y4 be a nonsingular variety over a field k of characteristic zero and Y = 
Si^i ti^i be a formal combination, where the ti are positive real numbers and the 
Yi are proper closed subschemes of A. Let X be a reduced closed subscheme of pure 
codimension cof A such that no components of X are contained in the support of any 
Yi. Let f : A' := B\xA Ahe the blowing-up of A along X and Ei, . . . ,Eshe all 
the components of the exceptional divisor of / dominating an irreducible component 
of X. Fix a log resolution g : A ^ A' of {A', f-\X) + f-\Y)) such that ^J^^ g'^Ej 

is nonsingular (but possibly disconnected), and put tt := f o g : A ^ A. 

Definition 1.6. In the above situation, the adjoint ideal sheaf a.dix{A,Y) associ- 
ated to the pair {A, Y) along X is 

m s 

adj^(A,F) = n,Oj{Kj^^ _ ^ Lt^vr-i(F,)J - c n'^X) + Y,g;'E,) C Oa- 

i=i j=i 

We denote this ideal sheaf simply by adjj^(74) when Y = 0. We say that {A,Y) 
(resp. A) is purely log terminal (pit, for short) along X if adixiAjY) = Oa (resp. 
adjj^(^) = Oa)- When X is a divisor, these definitions coincide with those given in 
Definition 11.11 (ii) and Definition 11.21 (ii). 

Lemma 1.7. Let the notation be as in Definition \1.6[ 

(1) The adjoint ideal sheaf ad] x {A, Y) is independent of the choice of the log 
resolution used to define it. 

(2) {A, Y) is pit along X if and only if 

m 

mld(Xsing U IJ Yf, A, cX + Y)> 0, 

i=l 

where Xsmg is the singular locus of X. More generally, the adjoint ideal 
sheaf adix{A,Y) is an ideal sheaf of X whose sections over an open subset 
U are those ip G Ox{U) such that for every divisor E over X whose center 
intersects U and is contained in Xsing U IJi^i 

ords((^) + a{E; A, cX + Y)> 0. 

Proof. Let f : A' A he the blowing-up of A along X and Ei, . . . ,Es be all the 
components of the exceptional divisor of / dominating an irreducible component of 
X. Put E = Ei + --- + Es. 

(1) The proof is essentially the same as that of |1H1 Theorem 9.2.18]. We consider 
a sequence of morphisms V A ^ A, where tt is a log resolution of {A, X + Y) 
such that the strict transform E of E is nonsingular and i/ is a log resolution of 
{A,n-\X) + n-'iY)). 
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Claim. Let D he a reduced disconnected divisor on A with simple normal crossing 
support and B be an M-divisor on A with simple normal crossing support which has 
no common components with D. Suppose that fi : W ^ A is a log resolution of 
D + B. Then 

fi.OwiK^/X-lf^*iD + B)\ +fi;'D) = 0^i-[B\). 

Proof of Claim. It follows from the projection formula that if the assertion holds for 
a given M-divisor B, then it holds also for B + B' whenever B' is an integral divisor 
on A. Therefore, we may assume that \_B\ = 0. Setting A = D + B, we have 

Kw + yw;'A = fi*{Kj + A) + 5^(a(F; A, A) - 1)F, 

F 

where F runs through all yU-exceptional prime divisors on W. Then 

ir^/^ - L/i* AJ + /i;!/} = [ir^/^ - A + A] = ^ Ki^; I, A) - 1] F, 

F 

because [-BJ = 0. Since D is disconnected, by yjL, Corollary 2.31 (3)], one has 
a{F; y4. A) > for all /i-exceptional prime divisors F. This completes the proof. □ 

By the above claim, we know that 

i^.OviKy/^ - lu-\-\Y)\ - u*E + u;'E) = 0^{-l7c-\Y)\). 
Then, setting h := n o u, one finds using the projection formula: 

h,Ov{Ky^X - lh-\Y)\ - c h-\X) + u;'E) 
=7T,u, (u*Ox{K^^^ - c Ti-\X) +E)® OviKy^x " l^''^'\Y)\ " + z/^^E)) 
=7r, (o^iK^^^ - c n-\X) + E) (g) u.OviKy^x " " + z/^^E)) 

=n,OxiKx^^ - [n-\Y)\ - c 7r-\X) + E). 

In other words, we obtain the same adjoint ideal sheaf working from h as working 
from TT. Since any two resolutions can be dominated by a third, the assertion follows. 

(2) Since no components of X are contained in the support of any Yi, Y does not 
contribute to a{Ei] A, cX + Y). By [HI Lemma 2.29], one has a{Ei] A, cX + Y) = 
a{Ei; A, cX) = for alH = 1, . . . , s. We have already seen in (1) that the adjoint 
ideal sheaf is independent of the choice of the log resolution used to define it. Since 

Kx^^-[n-\Y)\-c7r-\X)+g;'E= \a{F; A, cX + Y) - 1]F + g;'E 

_F:divisor on A 

= Yl HF-A,cX + Y)-l]F 

for every log resolution g : A A' oi {A' , where n = fog : A —>■ A, 

the pair {A, Y) is pit along X if and only if a{F; A, cX + y) > for every divisor F 
over A dominating no components of E. This implies that if {A, Y) is pit along X, 
then mld(Xsing U IJilLi ^5 + Y)>0. The converse follows from the fact that 
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a log resolution of {A', f ^{X) + f ^{Y)) is obtained by blowing up subvarieties in 
/"^(Xsing U ljr=i ^i)- '^^^ prove the general case similarly. □ 

Example 1.8. (1) Suppose that X is locally a complete intersection variety, and 
consider the blowing-up f : A' = Bl^^ A of A along X. Then the exceptional 
divisor E := f~^{X) is a projective bundle over X. In particular, E is normal and 
locally a complete intersection, and therefore, so is A'. By Hironaka's embedded 
resolution of singularities [13], there exists a log resolution g : A A' oi {A',E) 
which is an isomorphism over the complement of a proper closed subset of E. Let 
E be the strict transform of E on A, and put tt := f o g : A ^ A. Since 

^I/A - c vr-i(X) + E = K^f^, - g*E + E, 

A is pit along X if and only if A' is pit along E. Since A' \ E is nonsingular, a 
result of KoUar [T71 Theorem 5.50] says that A' is pit along E if and only if E is kit. 
This means that X is kit, because E is locally a product of X and an affine space. 
It therefore follows that A is pit along X if and only if X is kit. That is, adjj(^(y4) 
defines the non-kit locus of X. 

(2) Let X = |(1,1,1) be the quotient of C'^ = Spec C[xi, X2, X3] by the action 
of Z/3Z given by 1— >■ ^Xj, where ^ is a primitive cubic root of unity. X can be 
embedded into A := C^°, and we will compute the ideal sheaf adjxiA). Let tti : 
Ai ^ Abe the blowing-up of A at the origin with exceptional divisor Ei (we use the 
same letter for its strict transform). Then the weak transform Xi of X is nonsingular. 
Next, let : A2 Ai be the blowing-up of Ai along Xi with exceptional divisor 
E2. Setting TT := TTi o : ^ A, we have Ka^/a = Ka^/a^ + t^^Ka^/a = 9-Ei + QE2 
and n-\X) = 2Ei + E2. Thus, 

a.dix{A) = tc^OaMa^/a - 77i~\X) + E2) = 7r,C>A,(-5^i) = m^,o, 

where m^.o ^ ^a is the maximal ideal sheaf of the origin. 

(3) Let X be the quotient of (x^ + y^ + z^ = 0) cC^ by the action of Z/5Z given 
by X ^ C,^x, y ^ ^^y and z C,z, where ^ is a primitive quintic root of unity. Then 
X can be embedded into A := C^, and by an argument similar to that of (2), we 
have SidixiA) = m^ Q, where 11x^,0 ^ Oa is the maximal ideal sheaf of the origin. 

2. A MODIFICATION OF GENERALIZED TEST IDEALS 

In this section, we consider a modification of generalized test ideals of Hara and 
Yoshida [11], which conjecturally corresponds to our adjoint ideal sheaf. 

Throughout this paper, all rings are Noetherian commutative rings with identity. 
For an integral domain R and an unmixed ideal / of R, we denote by R°'^ the set 
of elements of R that are not in any minimal prime ideal of /. 

Let R be an integral domain of characteristic p > 0. For an ideal J of R and a 
power q of p, we denote by jt"^' the ideal of R generated by the g*^ powers of all 
elements of J. Let F : R ^ R be the Frobenius map, that is, the ring homomor- 
phism sending x to x^. The ring R viewed as an i?-module via the e-times iterated 
Frobenius map F^: R ^ R is denoted by ^R. Since R is reduced, F^ : R ^ '^R is 
identified with the natural inclusion map R > R^^^" . We say that R is F-finite if 
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is a finitely generated i?-module. For example, any algebra essentially 
of finite type over a perfect field is F-finite. 

Definition 2.1 ([Tal, Definition 3.1]). Let R be an F-finite domain of characteristic 
p > and a- = YYiLi '^l' ^ formal combination, where the are nonzero ideals of 
R and the tj are positive real numbers. 

(i) The pair (-R, a-) is said to be strongly F-regular if for every 7 G R°, there 

exist q = p^ and S e af • ■ ■ alt"^ such that {-f5Y/''R ^ R^/'^ splits as an 
i?-module homomorphism. 

(ii) Let / C i? be an unmixed ideal of height c and suppose that fl R°'^ 7^ for 
all i = 1, . . . , m. Then the pair (-R, a-) is said to be purely F-regular along 
/ if for every 7 G R°'^ there exist q = p'^ and 5 G 7^(9- 1)^^*!'?^ . . . am™"^^ such 
that {-fSy/m ^ R^/'i splits as an i?-module homomorphism. We say that 
R is purely F-regular along I if so is the pair (i?, R^). 

Let R be an integral domain of characteristic p > and M be an i?-module. For 
each q = p"^, we denote F^(M) = F^(M) := '^R ®/? M and regard it as an i?-module 
by the action oi R = '^R from the left. Then we have the e-times iterated Frobenius 
map F^: M F^(M) induced on M. The image of an element z E M via this 
map is denoted by := F^j{z) G F'^(M). For an i?-submodule of M, we denote 
by A^ll the image of the induced map F^(A^) F'^(M). If I is an ideal of R, then 
jf =/M. 

Now we introduce a new generalization of tight closure and the corresponding test 
ideal. 

Definition 2.2. Let R be an excellent domain of characteristic p > and I ^ R 
be an unmixed ideal of height c. Let a- = YULi ^ formal combination, where 

the ttj are ideals of R such that fl R°'^ 7^ and the ti are positive real numbers. 

(i) If iV C M are i?-modules, then the (I, a^) -tight closure Nl^^'-^ of in M 
is defined to be the submodule of M consisting of all elements z E M for 
which there exists 7 G R°'^ such that 

for all large q = p^. 

(ii) Let E = Q)mER{R/m) be the direct sum, taken over all maximal ideals m of 
R, of the injective hulls of the residue fields R/xn. The generalized test ideal 
Ti{R,a-) associated to the pair (-R, a-) along I is 

Tj{R,a^) = AnnR{0f'^'^)CR. 

We denote this ideal simply by ti{R) when = -R for alH = 1, . . . , m. 

Remark 2.3. When i? is a normal domain and I = xR is a principal ideal, (/,a-)- 
tight closure coincides with divisorial (div(x), a-)-tight closure introduced in |22j . 

Definition-Lemma 2.4. Let R be an excellent domain of characteristic p > 
and I be an unmixed ideal of height c. Let E = ^^Efi{R/m) be the direct sum, 
taken over all maximal ideals m of R, of the injective hulls of the residue fields 
R/m. Fix an element 7 G R°'^ . We say that 7 is an {I,*)-test element for E if 
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for all 0- = YYiLi ! Inhere the Ui are ideals of R such that fl R°'^ ^ and the ti 
are positive real numbers, one has 7/'^('?~i)af ^'^^ . . . al^T'^'^z'^ = in F'^(£') for every 

*(I c^) 

z e and for every q = p^ . If R is F-finite and the localized ring R^ is purely 

F-regular along IR^, then some power 7^ 0/7 is an (/, *)-test element for E. 

Proof. It follows from an argument similar to ^1] (see also the proofs of [11, Theorem 
1.7] and [221, Corollary 3.10 (2)]). □ 

Proposition 2.5. Let (-R, tn) he an F-finite local domain of characteristic p > and 
I be an unmixed ideal of height c. Let a- = YliLi '^1' ^ formal combination, where 
the Oj are ideals of R such that ai fl R°'^ 7^ and the ti are positive real numbers. 

(1) Let W be a multiplicatively closed subset of R, and ^ and Iw be the images 
of a- and I in Rw, respectively. Then 

TiwiRw-,^) = ri{R,a-)Rw- 

(2) Let R be the m-adic completion of R, and^ and I be the images of a- and 
I in R, respectively. Then 

Tf{R,a-) = Ti{R,a^)R. 

(3) (-R, a-) is purely F-regular along I if and only ifTj{R,a-) = R. 

(4) If R is an F-finite regular local ring and 7 G R°'^ is an {I,*)-test element 
for the injective hull En^R/m) of the residue field R/xn, then ti{R,^) is the 
unique smallest ideal J of R with respect to inclusion, such that 

for all [large) q = p^ . 

Proof. (1) and (2) follow from arguments similar to the proofs of [IHl Propositions 
3.1 and 3.2], respectively. (3) follows from an argument similar to the proof of [HI 
Proposition 2.1] (see also pP, Corollary 3.5]) and (4) does from an argument similar 
to the proof of [2, Proposition 2.22]. □ 

Example 2.6. Let (-R, m) be an F-finite regular local ring of characteristic p > and 
/ = (/i, . . . , /c) C be an unmixed ideal generated by a regular sequence fi,...,fc. 
Let 7 G R°'^ be an element such that the locahzed ring R^/IR^ is regular, and take 
a sufficiently large integer N. By Definition-Proposition 12.41 and Proposition 12.51 
(4), R is purely F-regular along / if and only if there exists q = p^ such that 

this is equivalent to saying that there exists q = p^ such that 7^(jM : /) ^ ml'^l. 
It therefore follows from [71 Theorem 2.1] that R is purely F-regular along I if and 
only if R/I is strongly F-regular. That is, the generalized test ideal ti{R) along / 
defines the non-strongly- F-regular locus of the ring R/I. 

Theorem 2.7. Let {R,xn) be a d-dimensional F-finite regular local ring of charac- 
teristic p > and I C R be an unmixed ideal of height c. Let a- = YYiLi '^l' 
formal combination, where the o, are ideals of R such that ai fl R°'^ 7^ and the ti 
are positive real numbers. Set A = Spec R, X = V{I) C A and Yi = V{ai) C A. 
Let f : A' ^ A be the blowing-up of A along X and Ei, . . . ,Es be all the components 
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of the exceptional divisor of f dominating an irreducible component of X . Suppose 
that TT : A ^ A is a proper birational morphism from a normal scheme A such that 
the scheme theoretic inverse images 7i~^{X) and 7r~^(Fj) are Cartier divisors, and 
denote by E the strict transform of E := Ei + ■ ■ ■ + Es on A. Then one has an 
inclusion 

m 

Tj{R,a^)CH'{A,Oj{Kj/^-J2\.Un-\Y,)\-cn-\X) + E)). 

i=l 

Proof. The proof follows from essentially the same argument as that of [11^ Propo- 
sition 3.8] (see also the proof of [21], Proposition 3.8] for a different strategy). For 
simplicity, we assume that A is a Cohen-Macaulay scheme. Denote the closed fiber 
of TT by Z := 7r-\m) and set 7r-\Y) := EI^i Let 

5 : HiiR) Hli0^i[n-\Y)\ + c n'^X) - E)) 

be the edge map H^{R) H^{0£) of the spectral sequence H^{R^Tr^O^) =^ 
W^\0^) followed by the natural map 

HliO^) - Hl{0^{[n-\Y)\ + c 7r-\X) - E)). 

By the local duality theorem (see [12], V, §6]), one has 

AnnK(Ker 5) = H\A, O^^K^^^ - [ti-\Y)\ - c 'k-\X) + E)). 

It therefore suffices to show that Ker 5 C Otldf"'! . Take an element 7 G R°'^ such that 

R^l IR^ is regular. Since H^{A, 0^{K^^y^ — c 7r~^(X) + E))^ = R^, for sufficiently 
large integers ^ 0, one has 
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^a^T . . . a^l C . . . a^^H^A, 0^{K~^,^ - c 7^'\X) + E)) 



A/ A 



CH\A,0^{K^,^-[7r-\Y)\-c7r-\X) + E)) 



^A/A 

= Annij(Ker 6). 

By Definition-Lemma 12.41 this inclusion tells us that there exists an (J, *)-test ele- 
ment 7' G Annij(Ker S) n R°'^ for H^{R), because n R°'^ 7^ for alH = 1, . . . , m. 
For every q = p"^ and for every 

a G Pi^-^)a['^'^ . . . at'^ C H%A, 0^{-q[n~\Y)\ - c{q - l)7i-\X))), 

we have the following commutative diagram with exact rows: 

Ker 5 ^ Hi{R) Hl{Oj{ ln-\Y)\ + c n-\X) - E))) 



— Ker 5 — KiR) Hl{0^{ [7r-\Y)\ + c n'^X) - E))) — 

Then aF'^(Ker 6) C Ker 6. By the choice of the element 7', we can conclude that 
^/jc{g-i)^rti<?l _ _ _ aii^'"''V^(Ker 6) = for all q = p^ that is, Ker 6 C 0*y,fj,. □ 

We conjecture that the generalized test ideal r/(i?, a-) along / corresponds to the 
adjoint ideal sheaf adixiA,Y). 
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Conjecture 2.8. Let {R,va) be a regular local ring essentially of finite type over a 
perfect field of prime characteristic p, and let I O R be a nonzero unmixed ideal. 
Let a- = YYiLi formal combination, where the are ideals of R such that 

n R°'^ 7^ and the ti are positive real numbers. Set A := Spec R, X := V{L) and 
Y := Yl^i^i^i^i) ■ Assume in addition that {R,L,a) is reduced from characteristic 
zero to characteristic p ^ 0, together with a log resolution it : A A of {A, X + Y) 
used to define the adjoint ideal sheaf ad] x {A, Y) as in Definition \1.6i . Then 

8.dix{A,Y) = Ti{R,a^). 

Conjecture 12.81 is true if X is a divisor on A. 

Theorem 2.9 ([22l Theorem 5.3]). Let {R,vn.) be a Q-Gorenstein normal local ring 
essentially of finite type over a perfect field of prime characteristic p, and let f be 
a nonzero element of R. Let a- = YYiLi ^ formal combination, where the 

Oj are ideals of R such that fl R°'^^ ^ and the ti are positive real numbers. 
Set X = Spec R, D := divx(/) and Y := Yl^i^i^i^i) ■ Assume in addition that 
{R,f,a) is reduced from characteristic zero to characteristic p ^ 0, together with 
a log resolution tc : X ^ X of {X, D + Y) used to define the adjoint ideal sheaf 
adij^{X,Y) as in Definition \l.iA Then 

adj^(X,r)=?y^(i?,a^). 

3. Restriction formula of adjoint ideals 

In this section, we formulate a restriction property of the adjoint ideal sheaf 
a,d]x{A.,Y) involving the l.c.i. defect ideal sheaf T>x of X. 

Let A be a nonsingular variety over an algebraically closed field k of character- 
istic zero and X be a normal Gorenstein closed subvariety of codimension c of A. 
Kawakita [TB] then defined the l.c.i. defect ideal sheaf T>x of X as follows. Since the 
construction is local, we may consider the germ at a closed point x G X. We take 
generically a closed subscheme Z of A which contains X and is locally a complete 
intersection of codimension c. By Bertini's theorem, Z is the scheme-theoretic union 
of X and another variety of codimension c. Since X is Gorenstein, the closed 
subscheme := C^\x of X is a Cartier divisor (see [231 Lemma 1]). Then the 
l.c.i. defect ideal sheaf Vx of X is defined by 

Vx ■.= Y.Ox{-D'), 

ZcA 

where Z runs through all the general locally complete intersection closed subschemes 
of codimension c which contain X. Note that the support of T>x coincides with the 
non- locally complete intersection locus of X. The reader is referred to [121 Section 
2] and [51 Section 9.2] for further properties of l.c.i. defect ideal sheaves. 

Theorem 3.1. Let A be a nonsingular variety over an algebraically closed field 
k of characteristic zero and Y = Yl^i ^i^i ^ formal combination, where the t^ 
are positive real numbers and the Yi are proper closed subschemes of A. If X is a 
normal Gorenstein closed subvariety of codimension c of A which is not contained 
in the support of any Yi, then 

J{X, V{Vx) + Y\x) = B.dix{A, Y)Ox, 
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where Vx is the l.c.i. defect ideal sheaf of X. 

Proof. Since the question is local, we consider the germ at a closed point x E X r\ 
Hi^i C A. Let Ix ^ Oa be the defining ideal sheaf of X in A. 

Fix a regular function ip G adjj(^(74, Y) \ Xx- It then follows from Lemma [1.71 (2) 
that mld(Xsing U |J"^^ F^; A,cX + Y - div^(v9)) > 0. Applying [51 Remark 8.5] (see 
also the proof of [IHl Theorem 1.1]), we have 

m 

mld(X,i,g U |J(X n F,); X, V{Vx) + Y\x - divx(^)) > 0, 

i=l 

where Tp is the image of p in Ox- This means that (X, V{Vx) + Y\x — divx(^)) 
is kit, which is equivalent to saying that Tp is in J{X^V{Vx) + Y\x)- Thus, we 
conclude that 

adj;,(A, Y)Ox C J{X, ViVx) + Y\x). 

Next we will prove the converse inclusion. Take generically a closed subscheme Z 
of A which contains X and is locally a complete intersection of codimension c, so Z 
is the scheme-theoretic union of X and another variety C^, and := C^\x is a 
Cartier divisor on X. 

Claim 1. By a general choice of Z, one has 

J{X, V{Vx) + Y\x) = adj^z(X, Y\x). 

Proof of Claim 1 (Kawakita). Since J'{X,V(Vx) + F|x) ^ adj^z(X, is clear 
from the definition of the ideal sheaf Vx, we will prove the converse inclusion. 

Fix a regular function ip G J'{X,V(Vx) + y\x)- By the definition of the ideal 
sheaf T>x, there exist closed subschemes Wi, . . . , Wn of A which contain X and are 
locally complete intersections of codimension c such that Vx = J2^=iOx{—D^^)- 

Take a log resolution /i : X X of (X, D^^ + - ■ ■ + D^" + Y\x), and let {E,}i^i be a 
collection of all divisors on X which are supported on Exc(yu)U|J™ ^ Supp ;U^^(Fj|x)U 
Uj=i/^:r^^^'- Since is in J{X, V{Vx) + ^U), we have 

ordij,(V') + max a{Ei- X, + > 

l<j<n 

for all i e I. Let 1^/^. = {f[^\ . . . , /i^'') C Oa be the defining ideal sheaf of Wj in A, 

and set /w := (ti/i^'^ + ■ ■ ■ + t„/i"\ . • . , ti/i'^ + ■ ■ ■ + tn/i"^) C . . . , g. Let 

W C A X T be the corresponding closed subscheme, where T := Spec k[ti, . . . ,tn]- 
Then W is the scheme-theoretic union of X x T and another variety C. Note that 
C\xxT is an irreducible Cartier divisor over a generic point of T. One can choose a 
generator h G Ox . . . of the principal ideal sheaf Oxxt{—C\xxt) over a 

i 

generic point of T so that the restriction of h to the fiber over (0, . . . , 0, 1, 0, . . . , 0) G 
T is a generator of Ox{~D^^)- Thinking of the resolution fi x idy : X x T ^ X x T 
induced by /x, we have 

a{Si- X X T, div(/i) + r U X T) > a(E,; X, + FU) 
for alH G / and all j = 1, . . . , n, where Si := Ei x T G X x T . 
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On the other hand, the restriction of h to the fiber over a general point 
e T is a generator of where Wt,_t^ := W\xxit,,...,t,.), 

and /i is a log resolution of (X, Wfi,...,t„ + y\x)- Thus, for all i G /, 

ordij^lV-) + a(S.;X,D^'i' = ords^(^) + a(^,;X X T,div(/i) + FU x T) 

> ordi^,(^) + max a{Ei; X, D^^ +Y\x) 

* l<j<71 

> 0. 

This implies that is in adj^wt^ tn ^U)- D 

From now on, we may assume that A = Spec S and X = Spec R, where {S, n) 
is a regular local ring essentially of finite type over a field of characteristic zero 
and and R = S/I is a. Gorenstein normal quotient of S. Let be the ideal of S 
corresponding to Yi for every i = 1, . . . ,n and denote a- = H "^i*- Let /i, . . . , /c be 
the regular sequence in S corresponding to Z and / G 5* be an element whose image 
/ is a generator of the principal ideal (((/i, . . . , fc) '■ I) + I) / 1 of R. Thanks to 
Claim 1, it is enough to prove that 

(1) adj,;,(j)(X,rU) C adj^(A,r)Ox. 

Now we reduce the entire setup as above to characteristic p ^ and switch the 
notation to denote things after reduction modulo p. In order to prove (1), by virtue 
of Theorems 12.71 and I2.9[ it suffices to show that 

(2) TfniR,aR^)Cri{S,a^)R. 

Since S is F- finite, by Lemma I2.5[ forming generalized test ideals commutes with 
completion. Hence, we may assume that S is complete. Let Es = Es{S/n) and 
Eji = Eji{R/nR) be the injective hulls of the residue fields of 5" and R, respectively. 
We can view E^i as a submodule of Es via the isomorphism Er = (0 : C Es- 
Then by Matlis duality, (2) is equivalent to saying that 

(3) 0£^'^^') D Of/^ n En. 

Let z G O;,^^''^') n Er. Let Fl : Es ^ W^Es) = Es and Fl, : Er ^ ^r{Er) = Er 
be the e-times iterated Frobenius maps induced on Es and Er, respectively. Since 
R = S/I is normal, one can choose an element 7 G S°'^ such that the image 7 of 7 is 
not contained in any minimal prime of fR and the localized ring i?y is regular. By 
Definition-Lemma 12.41 some power 7^ of 7 is an (/, *)-test element for Es, and then 
^Njc(q-i)^\hq] ^ ^ ^ al^r'^'^ Fl{z) = for all q = p" . On the other hand, I^i^FI{z) = 
for all q = p^, because z G Er = (0 : I)es- 

Claim 2. For all q = p^, one has 

yj-ij^jM . c. f^^"?"!) -|- jM. 

Proof of Claim 2. This claim is an easy consequence of the linkage theory of Peskine 
and Szpiro [19]. We consider a simultaneous minimal free resolution of a natural 
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diagram between S/{h, . . . , fc),S/I, S{f,, . . . , P,) and ^//[^l 

-S/{fl...J^) -0 




Here note that the ideals /, (/i, ■ ■ ■ , fc) and {ff, . . . , /^) are all Gorenstein of 
height c. Looking at the last step of the above diagram, by [2H Lemma 1], we 
obtain the equality /"(/I^l : /) = /(/i ■ ■ ■ /c)"?"^ in S/I^^l Since / is a regular 
element of S/I, by the flatness of the Frobenius map, / is also a regular element of 
Therefore, /^-^(/M : /) = (/^ . ■ in 3/1^"^ which gives the assertion. 

□ 



Thanks to Claim 2, we have 7^/9-1 (jM : /)al 



This is equivalent to saying that \aiR) 



\ltiq] 



Q - 
of 

^ e 



for all q = p^. 
a„/2)r*'"9lF|(z) = for all 
p^ because F|j(Ei?) = (0 : /[^l)i?s/(0 : (Jl^l : I))es (see [6], [7] and the proof 
Lemma 3.9]). Since 7 is not in any minimal prime of fR, we conclude that 



*(/R,ai?i) 
Er 



□ 



Remark 3.2. (1) In the proof of Theorem 13. ![ we have used O Remark 8.5] which 
was originally proved by using the theory of jet schemes. It, however, can be proved 
without using the theory of jet schemes (see the proof of [I6| Theorem 1.1]). So, 
our proof does not rely on the theory of jet schemes. 

(2) In the statement of [51 Theorem 1.1], the coefficients of Y have to be nonneg- 
ative. Therefore, Theorem 13. II does not follow from their result. 

(3) The l.c.i. defect ideal sheaf can be defined even when X is only Q-Gorenstein. 
Even in this case, Kawakita ^IGj and Ein-Musta^a [5| formulated a comparison of 
minimal log discrepancies of X and A. We, therefore, expect a generalization of 
Theorem 13. II to the Q-Gorenstein case, but it is open. 

Example 3.3. (1) Let X = |(1, 1, 1) be the quotient of = Spec C[xi, X2, X3] by 
the action of Z/3Z given by Xi ^— ^Xi, where ^ is a primitive cubic root of unity. 
Denote by mx,o C Ox (resp. mcs^o C Oca) the maximal ideal sheaf of the origin. 
By [TBI Example 2.3], the integral closure of the l.c.i. defect ideal sheaf T>x of X is 



m 



x,o- 



Therefore, 



JiX,ViVx))=JiX,xn%, 



m^s n Ox 



no 



X 



m' 



x,o- 
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On the other hand, X can be embedded into A := C^°. Then we have already seen 
in Example 11.81 (2) that adjjf(A) = m^Q, where m^_o C Oa is the maximal ideal 
sheaf of the origin. Thus, J{X, V{Vx)) = adj^(A)C»x = m^ o- 

(2) Let X be the quotient of (x^ + + = 0) cC^ by the action of Z/5Z given 
by X ^— s> ^^x, y ^ ^"^y and z ^ ^z, where ^ is a primitive quintic root of unity. 
Then X can be embedded into A := C^. Since X is a Gorenstein closed subvariety 
of codimension three of A, by [161 Example 2.4] (which is an application of the 
structure theorem for Gorenstein ideals of codimension three in [1]), the l.c.i. defect 
ideal sheaf Vx of X is the maximal ideal sheaf vc\,x,o of the origin. Let tt : X X 
be the blowing-up of X at the origin with exceptional divisor E. Then vr is a log 
resolution of X and Kj^i^ = —E. Therefore, 

JiX, V{Vx)) = n.O^iK^/^ -E) = 7:^.0 xi-m = m\^,. 

On the other hand, we have already seen in Example 11.81 (3) that a.d]x{^) = ^i.c 
where m^ o C Oa is the maximal ideal sheaf of the origin. Thus, J{X,V{Vx)) = 
^d]x{A)6x = m2,o. 

We conclude this section by stating a corollary of Theorem 13.11 
Let S be an algebra essentially of finite type over a field k of characteristic zero, 
and let / C S" be an unmixed ideal of height c. Let a- = YYiLi '^i be a formal 
combination, where the are ideals of S such that Oj fl 5*°'^ ^ and the U are 
positive real numbers. We say that (S*, o-) is of purely F-regular type along / if there 
exist a finitely generated Z-subalgebra A oik and an algebra Sa essentially of finite 
type over A satisfying the following conditions: 

(i) Sa is flat over A. In addition, 5*^ ®a k = S, IaS = I and a^S* = o, where 
Ia '■= I ^ Sa Sa and a a is the restriction of a to 5*^. 

(ii) {Sk, is purely F-regular along for every closed point s in a dense open 
subset of Spec A, where k = k{s) denotes the residue field of s G Spec A, 
Sk = Sa ®a i^{s), Jk := IaSk and is the image of in 5*^. 

Corollary 3.4. In the above situation, suppose in addition that k is an algebraically 
closed field, S is a regular domain and S/I is a Gorenstein quotient of S . Then 
(Spec S, J21LitiV{cii)) is pit along V{I) if and only if {S,a-) is of purely F-regular 
type along I. 

Proof. Since the statement is local, we may assume that S* is a regular local ring. 
The "if part immediately follows from Proposition 12.51 (3) and Theorem 12. 7[ We 
will prove the "only if part. 

Suppose that (Spec S, J2iLi ^j^(ci«)) is pit along V{I). Then i? := 5*// is a normal 
local ring. Let /i,...,/c be a general regular sequence in S and / G S" be an 
element whose image / is a generator of the principal ideal (((/i, . . . , /c) : I) + I)/I 
of R. Then, by Theorem 13.11 and Claim 1 in the proof of Theorem 13.11 the pair 
(Spec -R, ^™ 1 ti^(ai-R)) is pit along div(/). Thanks to Theorem 12. 9[ this implies 
that {R, aR-) is of purely F-regular type along fR. Applying the argument used to 
prove the inclusion (2) in the proof of Theorem 13. 11 we know that {S, a-) is of purely 
F-regular type along I. □ 
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